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ABSTRACT - In some cases, agricultural clay soll is underlain by a sand and gravel aquiler
of high piezometric pressure such that the clay layer may be completely water legged. Con-
sequently, there is no possibility for plant growth. Some researchers proposed mathemarical
equations lor designing a system of tile drains for lowering the warter table. In this paper,
a new improvement for this problem is presented. A solution lor an existing tile drainage system
by using double mole drains of the same diameter is presented. The problem is hydroday-
namically treated using the theory of complex functions and the theory of images. The complex
potential, the velocity potential and the stream [unctions are established. New formulas
for ble dramns discharge as well as double rnole drams discharge are derjved. Functions for
veloCity components at a general point in the flow [ield are given . The eflect of
different variables on the discharge per mole drain and per tile drain is invesligated

_A comparison berween a system ol single mole drains and a system of double mole drains
is made . Each system is considered as an assistant component [or the drainage process.

INTRODUCTION

The study of the problem of tile and mole drainage sysiems comprises the topics
of drain discharge formuiae and the water table decline under the influnce of the drainage
system and subsequent graphical solutions. The emphasis in this paper is on drain discharge
analysis since it is the {irst natural step. The results we obtain here will be used in a future
work to tackle the problem ol waler table decline and graphical solution. Moreover, drain
discharge analysis requires that steady state condition has been reached and therefore the
analysis in this paper considers only steady state condition.

Many researchers such as: Muskart (1), Hammad {2), Hathoor (1.4,5) Amer (6), Kirkham
(7), and Hinesly (8,9} attempted the problem of draining an irrigated  clay cap under-



C. 14 Mohamed M. Scbeih

lain by an actesian aquifer. This probiem is related 1o some Cgyptian lands.
tlany investipators atternpted problems of single or double mole drainc

because mole drainage is the cheapest and Ihe simplest neans for drainage irrigated lands.
Mole drainage 1s successfuily used in heavy soil. It is only applied 1o soils which are uniform
and Iree from rocks.All investigators d*ait with the problem of designing tile or mole drainage
systems considering one system of mole or ule drains . In the present work , the prohtoin
of a tile drainage systermn assisted by a system of double mele drains . lreated for a top .
clay cap underlain by an artesian aquifer.

In the proposed system a pair of mole drains 15 constructed above each 1tile drain.
An additional even number of mole drain pairs are constructed in the spacing between each
two adjacent ule drains. The whole mole drains array is lying in the same plane which lies
above the plane of tile drains by a vertical distance equals b. The geometry of the problem
and 1ts geological section are shown in fig. (1),

MATHEMATICAL MODEL

The system ol tile and double mole drains shown n Fig. {1}, may be represented
by point sinks located at drain centres.

The complex potential of pownt sinks for tile drains is (3)

w = M.oIn sin TZ/L +C, a0

in which M s the point sink strength for tile drains, Z is the complex variable (Z = X+1y ),

i =v-1 . Cyisa real consiant and L is the drain spacing .
The complex potential of the line of point sinks representing the array of doubte
mole drains is given as follows : -

n n
W2 - m ¥ Insnwa({z-ib-(na+ed/L+m ¥ Insin w{z-ib+(na+elL

0 o

n

+m ¥ Insinw{z-ib+ (na-eh)fL

+m y Insinm(z-ib- (ha-e))fL + C2 el (2
]
in which m is the point sink strength for rmole drams ;

a is the spacing between two successive pairs of moie drains ; .
e is the distance between two mole drains \n one pair ;
n equals half the number ol mole drain pairs lving between two adiacent tile

drains, i.e. no= _5__ [ L-a . 1 ; and n always has an integer value ; and

a

C2 is a real constant .

To represent the cffect of  aquifer-aquifard  inierface, which is an equipotential
line, a similar factitious system of sources is assumed as shown in Fig. (2}

Therefore, the complex potential ol point [acTitious $ources is

W3 = -M.n sin niz + 2i) /L + C3 e (3

Also, the complex potential of a factitious array ol point scurces representing the
image of the mole drains array is given as follows :

n n
Wt z-m T Insiui(z+ 2D+ ib-(na+elfl- mlnsin x{z+2iD +iD +lna » ellfL
[a] o

1
-m L Insin gz + 2iD + ib « (na - e)/L
1
n
-m X Insin iz + 2iD + b - (ha /L + Cg R 13
1
Therefore, the complex potentiai of 1the four systems is

W =Wl + W2+ W3+ Wk C . 13)

in wiich C is 4 real constant .
Substituting for z = x + iy and simptifying :
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where,

yl={y-b) . () ¥2 = (y+b+2D) . (8)

Subsutyting for the complex potential w = @ ~ i'%¥: in which @ is the velocity petential and

Wis the stream function and equating rea! to real and imaginary to imaginary on both sides
ol egn {8) and simphifying yieids.

O = Ji"" In [ sin? w«/L + sinh? my/L Vlsin® wx/L + siph?®miy+2D)/L]
n
- _rg___ E n[ sin? mix-(nase))/L + sinh? wiy-b)/LY[ sin? n{x-(na+re))/L +
0 sinh? nly + b + 2D)/L)
+ —g'-- .}g An [ sin? m{x+(nare)l/L + sinh? mly-b)/L /[ sin? mix+{na+e))/L+
n sinh? mly + b« 2D)/L)
« _r;__ fi An [ sin? m{x-{na-c)/L vosinh? nly-hL1A sin? i x-{na-e)) Ly
sh? iy by ZDNMLY
n
+ -%"--.I]: JAn [ osin? mixs+{na-e)/L + sinh? mf{y-b¥L/l sin®* w{x+{na-e))/L+
sinh?yr b+ 200/L] + C - .- 9)
o= M tan”! ( cot wx/L . tanh ny L) - tan'l( cot mx/L . tanh m{y+2D)LI]
n
. m% [ran'llcot ni{x-(na+e})/L . tanhwly-bl/L} - tan-ltcm i x-(na+el)/L tanhm{y+b+2D)/L]
n
+ m%[tan-llco['rt[m(nme}]fL . tanh rtly-b)fL) - tan-l(cot mlx+(na+ed)/L . ranh niy+b+2D}L)]
n
+ m)--; [ tandl{cot m{x-{na-el}/L . canbr{y-b¥L) - tan_l(cmn(x-(na—e)l!L . lanhmiy+b+2DYLY]
n
+ m“?[ tan" Yot n{xelna-el/L . tanh y-bl/L} - tan” (cot nix-tna-eWL . tanh Ty +b+ 22)/L)}

L)

YELOCITY CONSIDERATIONS

The velocity components u and v at anv poinl in the flow licld are given by (10) :
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u=-a¢/3x ...01) and v=-3 /By ...02

where u and v are the velacity camponents in the x and y directions, respeciively, Lig {2

Differentiating Eq. {7) partially with respect to % and y, respectively, and simpiilyving
we gatl

U o= - M2 tinl2 mx/Li sin? wx/L + sinh? ty/LM) - {snf2nx/L) (sin® /L

n + sinh? miy+2D)/L)N)
- mnfL gi(hnﬂﬂix—ina*e))a’ LNfisint 1t {x-(na+e})/L+ sinh*rnl y-b) /L)

(sin (2 n{x-(na+e)/LH/{sin? t{x-{na+el}/L + sinhim{ y sb+2D)LY)

N
- mr/2L Llsin (2 mixe(nasell/LD/ (sin® Txe{nasell/L + sinh? tly-b)/L)
-{sin{2 mix «(narel/L DHsin? m (xrinased}fL + sinh® m{y+b+2D)/L)

n
- mm/2L I ({sin{2 nix-{na-e})f LD/ tsin® m{x-(na-e))/L  + sinh?mn{y-b)/L)
~snl2 wlx-(na=-c LI (s wix-{na-e)fL Cosinl gy che 2DMLY

M
m/2L I]: {{sim2 wlx+{na-ed)/ L IM(sin® mixs(na-e}}/L  + sinh’ miy-b)/L)

- s mix vina-e )L Gm? mix vna-e /L sinh? miyrho2DLY L L L (1)
and
Vo= - Mu/2L ((sinhi2my/LY {sin®{mx/L) + sinhmy/L) - (smmh (2 miy+2D1) LS
{sin®= /L + sinh? wly«2D)L)Y)
n
- /2L L sinh (2 Wy-bYLIA sin® Rx-tnarel/L + sinh? ely-by/L)
-(5inh(2 m{y #b+ 2D LM (sin® mi{x-(nase))/L  + sinh?n(y +b+2DYLY)
n

- muw/ZL ZO:((smh 2y -bLY L sin"(nixs{na+el)/L + sinh? nl{y-bi/L)

- Asinh{Zn{y b+ 2D)/L) fsin*m(x+ (nave) )+ sinh? M{y+bsZDHLY
n

- mm/2L F((N:r\is(?ﬂ(yd)}!l.) flaniaO-na-clf L vosinh e (y-1)L]

- {sinh{2 miy+b+ 2D L)/ {sin® M{x-(na-e})/L  + sinh?¥m{y+b+2D)LY)

-mm’ﬂ#((smh(z wy-b)/ LI (sin? m {x+lna-c))/L + sinh? w(y-b) fL)

- {sinht2 iy e b+ 2DM LY (sin? T (x+{na-e)¥L  + sinh™M{y+b+2D)L)} . .. (14)

From Eq. (11}, 11 15 evident that for x - o and x = = L/2 the horizontal camponent
of velocity u is zero. This result sansfies the boundary condition at the verucal lines
ol symmetry x = o and x = + L{2 . !t 15 also clear that the horizontal velocily component, u,
vanishes at y = -D. This result satisfies the condition that the horizontal ine y = -D is an

equipotential line .

DISCHARGE FORMULAS

The equipotential function, §. may be writen in the following form
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¢ = Ko v )
where K 15 the hydraulic conductivity of the clay cap, p is the pressure at any point at height
y {rom the x-axis, £ is the densily of drained water and g is the acceleratrion due to gravity.
Applying Lgs. 19) and (5} 10 pont I (L/2,-1), we get C = K{ho -1 )..ll6)

where ho is the piezoinetric head of the lower sand and gravel aguiler.

Applying Cese 9 and (19 1o pome G { 0.0,d/2) at the dramn vutlel, where Uwe drain is runiing
just full and the pressure 15 annospheric and simplilying, we et

Kld/2tD-ho) = M2 . In (sinh? { mwadf2L) / sinh¥(m{d/2+2D)L))

* m.};i. In ((sin? n{na+elfL + sinh? m{d/z-b}L}/
{sin” 7w {(na+e){L + sinh! Ti{d/2+b+2D}LN
+ m.zl:. In  {(sin®1t (pa-e)fL + sinh® m{df2-b)/L}/
{sin? ti{na-e)/L + sinh? T{d/2+b+2D)/L)) A F)|

Applying Eqs. 9} and {19 o point A {o,(b-d/2)} at the molc drain bottom, where the pressurc
is atinospheric, and simplilying, we have

Ki{b+D-ho-df2} = M/2 . In {{sin? mefL « sinh? T {b-df 2)/L)/
{si? mefl v {b-d/ 20 210)/ LY
+ m/2. in (sinh’ml df2L) / sinh? m{2b+2N-d{2)/L)
n

+ m/’?_.}.: In  {{sin? m{na+2elfL + sinh? mw df2L)/
{sin? m{pa+2e)/L + sinh? 71 {2b+¢2D-d/2)/L))

+ mf?.’I:Jn {{sin? m{na-2e)/L + sinh® m{ d/2LY/
(sin? TM(na-2e)/L + sinh? M{(2b+2D-df/2}L}

+ rm’z.ti:ln {(sin* mna/L + sinh® md/2L)f

{zin? W nafL vosinh? (2be20=df 2L el (18D
Applying Cgs- {9 and (13) to pomt F (Li2,H)} on the waler table , Iig. (1), we gel
K{H+D-ho} = MfZ . In  {coshimH/L { cosh? M{H+2D)/L}

+

.
mOZ In {{eos™lnasel/L + sinh? T(H-bY/L)
{(cos®mina+elfL + sinh® W{H+«b+2D}L}

n
ln}l: In {{cos? tna-el/L + sinh? w{l-b}L)/
{cos’T(na-e)fL + sinh? wW{H b+2D}L) v L19)

+

Egns (17), {18} and (19) may be rewritten as follows :

K(d/2+D-ho} = M, +m (82 +33) - W(20)

K {b+D-ho-d/2} = M5, +m {85+ B& + 57+ B8 L. 2n

K(H+D-hel =ME9 +m (8 10+ 5LI) ce.22)
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where
51 = /2. In [ (sinh* nd/2L) [ (sinh? T {d/2+2D){L)}
n
52 E Wy | st Tloare) L 0 smh? W{df2-bY LY
{sin? ni{nare)L + sinh? m{df2+br2D)L)|
11
53 :? In [ {sin? mina-e}L + smh?® n{df2-b)LY
{sin? m{pa-e}fL + sinh?® mi{d/2+b+2D)L}
5y = {2, In [ {51n* we/L + sinh? w{b-d/2)/L)/
(sin? me/L + sinh? T(b-df 2+20)/L]
Es = /2. tn [ (sinh®mdf2L} /  (sinh? T (2b+2D-d/2)/LH
n
56 = 1f2. gln[ {sin? m{na+2e)/L + sinh? w df2LY/
{sin® mina+2e)/L + sinh® W (2b+2D-df2)/L)]
n
&7 - J,"Z.‘J,-:ln | {sin® mina-2elfL  « sinh? T df2L)/

{sin?mfna-2e)fL  + sinh? T(2b+2D-df2)/L)]

53 z }]: In | {sin’mna/L ¢ sinh? wd/2LY (sintmna/Ly sinh?r(2b+213-0f 2)/L}
&Y = 12, In [ cosh® mH/L { cosh? L{H+ZDNL]
LY I % In [ {cos? mina+e)l/L + sinh? W {H-b}L)/
{cos? Wihatel/L + sinh? T {H+b+2D)/L)]
511 z TE In [ {cos® wina-el/L + sinh? W{H-b)}/LY

fcos® W (na-e)/L + sinh® M(H+b+2D)/L}]

From Egs. (20) and (22}, yieids
Kid/2+H+2D-2ho) = MBI + 59) + m {52+83+510+51]) ... (27
Also, from Cgs. (21} and (22}, we et
K{H+ 2D + b- 2ho ~df2) = A1 (84 + 59 » m (B5 + 56 + 7 + B8 + 810 + 511 ) ... (2W)
Equs (23) and (24} may be rewritten (n this {orin
K&i =MNTl+mn2 ... [25)
Kg2 = MNn3 - mn4 ... {28

where
g1 =(df2 -H+ 2D - 2ho )

Y2 ={H-2D+b-di2-2Nho)
hl o =81 +89
N2 <52-5,+610+611
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NI = b4+ 59
n4 =z 55+ 56 + 57 + bS + BIO + Bl

From Egs. (25) and (26) and solving for M and m we pct,

M = K © <. (20
m =KI(gl-mloln2 c..(28)
where @ =(¥lL.ny-H2.w2}/(nint-n2nl)

Therefore, from Eg. (27), the discharge reaching each unit length of tile drain
is given by

QT =2RNK®O .. (29
Also, from Eq. (28), the discharge reaching each unit length ol mole drain is given by

Qm =2mK(B!-ni©)/n2 .. 30

EFFECT OF DIFFERENT PARAMETERS ON THE DISCHARGE OF TILE AN} MOLE DRAINS.

From Egs. {29) and {30, it is evidenl that -the discharge per urut ienpth ol tile drain
or mole drain 15 dependent on certain parameters such as b, L, e, a, I3, he, L and H

The eflect ol each paramerter on the unit discharge of tile drain, QT, and the unit
discharge of male drain, Qm, has been studied as follows

In practice, the depths of tiles, moies and water table depend on the drainage depth,
where the drainage depth 1s assumed 1o be the dillerence between the land surlace and the

water table. Hence, paramelers such as deptns ol :riles, meles and water table do not appear
explicity 1n the analysis.

A.EFEECT OF VERTICAL SPACING, b.

In Fig. (3) the eflect of vertical spacing on drain discharge is illustrated, where
bsd 15 shown plotted against Q.IJ K.d and an"{K'd' When the vertical spacing ratio bfd

increases® the unit discharge of tile drain Increases but the unit discharge of mole dran
decreases. This is because increasing b means decreasing water head for mele drains.

B.EFFECT OF WATER HEAD, H-

Fig. (4} shows lhat the unit discharge of both tile and mole drains decreases when
the water head H increases. This is due 10 the lact that increasing H means a smailer
required depression of water table [rom the original water suriace{4}When the water head
ratio, H/d, is doubled, [romm 10 lo 20 the discharge percentge cdecrease in tile drain is 6
per cent and the discharge percentage decrease in mole drain is 16.5 per cent. From rhis,
it 15 clear that the effect of increasing H on the discharge is small.

C.EFFECT OF TILE DRAIN SPACING, L.

Fig.(5) illustrates the effect ol tile drain spacmg ,L, on the discharge per unit length
of both tile drain and mole drain. Inspecting Fig.(5}.t is notedrthal unit discharge of both
tite drain and mole drain increases when increasing tile drain spacing L.

D. EFFECT OF THE PIEZOMETRIC HEAD OF THE AQUIFER, ho.

The elfect ol piezometric head ol the aquifer, ho, on the discharge per unit
length of both uile drain and mole drain is iilustrated in Fig.(6). From this ligure, it is evident
that the discharge per unit length ol both nle drain and meole drain increases on increasing
the piezometric head, ho. This is due to the facr that increasing ho means a more guantity
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of water has to  be drained . When the piezometric head ratio he/1 is increased
by 25%, from ho/D = 1.6 to ho/D = 2.0, the discharge percentage increase for tile drain
is 35% and the discharge percentage increase for snole drain is 145%. This shows thar, the
piezomerric head of the aquifer is of considerable eflect on the discharge of both tile drain
and mole drain

E- EFFECT OF DRAIN HEIGHT ABOVE THE AQUIFER-AQUIFARD INTERFACE,D

Figs. (7 and (8) illustirate the effect of drain height above the aquiler-aquifard interface
on the discharge per unit length of both tile drain and mole drain. Figs. (7) and (38) show the
relation between the discharge per unit length of both tile drain and mole drain and soii
thickness D, for the case ol constant piezometric head ho and constant pressure head (ho-D},
respectively.

It is evident [rom Tigs. (7) and (8} thai, the discharge per unit length of both tile
drain and mole drain decreases as the drain height above the aquifer-aquiifard interface, D,
increases because the e{fective head on the aquifer increases. Fig.{7) shows thit, the discharge
percentage decrease lor Lle drain is 62.6% while it is 83.49% lor mwle drinn whoen the soil
thickness ratio D/H is increased from 2 to 5. Also, Iromn Fig.(8), it is clear that, the discharge
percentage decrease [or tile drain is 28.2% while it is 63.8% lor mole drain when the scil
thickness ratio DfH 1s increased [rom 2 t0 5.

From Figs{7) and {8}, it is evident that, the discharge of mole drain is wore aifected
by increasing scil thickness than the discharge of tile drain. Alsn, the discharpe of both
lile drain and mole drain is aliccted more by increasing soil thickness lor cuse of constant
piezoinetric surlace height above lile drain.

F- CFFECT OF MOLE INTERNAL SPACING, Ze.

Fig- (9} shows the ellect of mele internal spacing on the discharge per uonil length of
both tile drasn and moie drain. When internal spacing ratio increases Lhe discharge per unit
length ol mole drain increases. In the mean time, the discharge per unit tength ol tile drain
decrcases. As internal spacing ratio is increased Irom 4 to 16, the discharpe percentage

decrease [or iile drain is 4.57% while the discharge percentage inccease for niole drain is
7-04% .

G- EFFECT OF MOLE DRAIN PAIRS SPACING, a.

_ The effect of mole drain spacing, a, is illustrated in Fig.{(0}. From this figure, it
15 evident that, when mole drain spacing decreases the discharge per unit lengih of both tile
drain and mole drain decreases. When mole drain spacing is decreased [roin 25 m to 5 m

LN 3:l 339;: [5) the total discharge for the system ol mole drains and tile drains is increased
y 3. .

Comparative Sludy with a System of Tile Drains
which is Assisted by a System ol Singie Mole Drains

ln the folloaing, we shall compare the discharge of a tile drainage system
© assisted by a system ol double mole drains with a tile drainage sysien assisted
by a system sl single male drains. The comparative study is needzd (o show the advantages
of double drains. In a previous paper {I1} the author established the lollowing discharge
formulas for a system of tile drains © assisted by a systewn ol single mole drains

Qr=2mkd ...0D Qm=znktu‘l-\]‘l.e»‘r‘\z ... 02
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Figs. (11) and (12} show the relation between Llhe discharge ratio per unit length of
beth tile  drain  and mole  drain and spacing ratio for different values ol internal
spacing ratio. From figs. (1) and (12) it is clear that, for smudl spacings e.g. (L/D = 2),
the discharge taken by tile drains assisted by a system ol double niele drains is smalier
than the discharge taken by tiue drains assisted by a system of single mole drains by abour
6.5% . On the other hand, the discharpe taken by one pair of double inole drains is greater
than the discharge taken by a single mole drain by about 14.1% . Moreover, for large spacings
e.g. (L/p = lU) the percentage decrease of the discharge for tile drams reaches about 4%,
and the percentage increase of the discharge for mole drans reaches about 33.6%. From
Figs. (11} and (12), it 15 seen that usmg double mole drains increases the discharge (or the
drainage system by about 20% with respect ta that obtained when using single mole drains
lor large spacings.

Il may be aryued that smail values of old approch the case of smgle mote with a
bigger diameter while big values simply represent Lthe case of single mole drain. However, in
practices the range ol e/d in operatton 1s 0.2 to 0.3, which represents the cost for a single
mole drain under the same conditions.

Conclusions

In this paper, a new hydrodynamical analysis for a tile drainage system assisied by
double mole drains 5 presented [or the case of a clay layer, u derlain by an artesian aquifer.
The complex potential, the stream funcrion and the velocity potential have been derived.
Also, the velocity components at a general point in the flow field have been established. The
hydrodynamical analysis is verified by applying the velocity components and boundary conditions
found satisf. The new exact discharge formulas for both tile drains and mole drains are conclu-
ded. A study of the elfect of different parameters such as vertical spacing, b, mole internal
spacing, Z2e, the piezometric head, ho water head, H, tile drain spacing, L, the drain height
above the aquifer-aquilard interface, D, and mole drain spacing, a, on the discharge per, unit
length of both tile drain and mole drain has been presented. From this study, it is clear that,
using double mole drains increases the discharge by 20% with respect to that obtained by using
single mole drains.
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NOTATIONS
The following symbols have been adopled for use in this paper :

a = spacing between two successive pairs of mole drains;
b = vertical spacing between lines of tile drains and mole drains;
d = drain diameter for both tile and rnele drains;

D = depth of clay layer below 1ile drains;

le = distance beutween two mole dramns in une pairy

g = acceleration due to gravity;

ho = piezometric head of sand and gravel aquiler;

H = height of water tabie above 1iile drains at the mid point between lwo successive tile
Ho = r?é?égf' of land surface above tile drains;

io= S

k = Hydraulic conductivity of clay;

L = spacing beitween two successive tile drainsg

m = strength of a pemnt sink {or mole drains;

M = strength ol a peoint sink for nle drains;

n ={({Lfa)-1)} 2;

P = pressure at any general point {x,y) ;

Qm = discharge reaching each unit length of mele drains ;
QT = discharge reaching each unit length of tile drains ;
u = velocity comporent in the x - direction ;

¥ = velocity cornponenl in the y - direction ;

w = conplex potenlial = ¢ + iy ;

A,y = coordinates of any peint in the field of motion ;

complex number = x + iy ;
the equiperential function
the stream [unction ; and
water density
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